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'Model for Entropy Production and Pressure Variation in
Confined Turbulent Mixing

Dimitri Papamoschou*
University of California, Irvine, Irvine, California 92717

A quasi-one-dimensional model for the planar, confined shear layer is constructed with the purpose of
obtaining estimates of entropy production and pressure variation due to turbulent mixing. The turbulent Prandtl
and Lewis numbers are assumed to be unity. It is found that entropy production is strongly coupled to the
intrinsic compressibility, with total pressure losses becoming significant as the convective Mach number
increases. For the isothermal case, the entropy flux is roughly proportional to the third power of the velocity
difference, and the equivalent total pressure ratio decays exponentially with the square of the convective Mach
number. Pressure gradients in a parallel channel are strong and adverse at high compressibility levels. The model
predictions of equivalent total pressure ratio and shear-layer displacement thickness compare well with existing

experimental data.

Nomenclature

=speed of sound

=mass fraction

=specific heat at constant pressure
=specific heat at constant volume
=total enthalpy

= static enthalpy

=Mach number

= convective Mach number
=mass flux

=pressure

=heat transfer

=gas constant

=entropy flux

=entropy

=temperature

=velocity

= streamwise coordinate
=stream height (area)
=transverse coordinate
=channel divergence angle
=gpecific-heat ratio
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=shear-layer thickness

=viscosity

= density

=shear stress

=equivalent total pressure ratio, Eq. (35)
=mnass transfer
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Subscripts

avg =average of freestream values
dsl =dividing streamline

T  =total (stagnation)

W =wall

zpg =zero pressure gradient

0 =initial conditions (x =0)

1 =stream 1 (fast)

2 =stream 2 (slow)
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=combined streams 1 and 2
= freestream conditions

Introduction

IGH-SPEED mixing is a rapidly developing area of fluid

mechanics, motivated primarily by the advent of super-
sonic-combustion ramjet (scramjet) engines. From the practi-
cal point of view, two issues are central to the efficient opera-
tion of scramjets: good fuel-to-air mixing and minimization of
total pressure losses. The fact that air flow inside the combus-
tion chamber is supersonic makes both goals extremely chal-
lenging. Although there is a multitude of ways one can inject
gaseous fuel into air, they can broadly be classified into two:
transverse injection and parallel injection. Transverse injec-
tion may produce good near-field mixing but is inevitably
accompanied by shocks which reduce the total pressure. Paral-
lel injection, on the other hand, could conceivably be achieved
without shocks but may require long combustor lengths for
adequate mixing. The question then is, what are the fluid-me-
chanical losses inherent to mixing of parallel heterogeneous
streams in a channel long enough to allow the desired level of
mixing? This is the main point this report tries to address.

Several issues related to two-stream, confined mixing were
initially explored by Ferri and Edelman' and by Ferri.? In
particular, conditions were derived for multiple-stream chok-
ing and for the sign of pressure variation between initial and
uniformly mixed conditions. The difficulties of predicting the
flow behavior were underscored. More recently, Dutton et al.’
studied the pressure recovery in a constant area, supersonic-
supersonic ejector. It was found that the pressure rise between
unmixed and nearly uniformly mixed conditions is similar to
that associated with a normal shock in a single-stream equiva-
lent flow. The flow deceleration to subsonic speeds is the
combined result of wall shear, mixing, shocks, and boundary-
layer separation. This type of ejector performance, which
occurs when the two fluids are completely mixed, is clearly
undesirable for a scramjet. Therefore, we will examine mixing
up to the point where the mixing region occupies some frac-
tion of, but not the entire, channel. The two-dimensional,
shear-layer configuration will be considered. The analysis will
focus on the generation of entropy due to mixing alone, with-
out any shock waves, and on axial pressure variation.

What enables today a more informed look at the high-
speed, confined mixing problem—compared to, say, 10 years
ago—is the rapidly growing knowledge of supersonic shear
layers and of compressible turbulence in general. The center-
piece of the analysis that follows is the Reynolds shear stress
and its dependence on flow parameters. There is now enough
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experimental information to construct an approximate model
for that dependence. Although the supersonic shear-layer ex-

periments in the literature have not addressed the issue of -

entropy rise and have not studied systematically the pressure
variation, they provide valuable data which are used as empir-
ical inputs to the model.

Quasi-One-Dimensional Description of Shear Layer

There are several instances in compressible flow where two-
dimensional problems with friction and/or heat transfer are
analyzed as one dimensional, with the shear stress and heating
or cooling applied artificially on the fluid. Celebrated exam-
ples are the Fanno and Rayleigh flows, widely used for esti-
mating head losses of compressible flow in pipes. Even though
the simplification appears drastic, the estimates provided by
such methods are quite accurate. Of course, empirical inputs
are needed for the models to work. In Fanno flow, for exam-
ple, such input is the friction factor which is well known vs
Reynolds number, Mach number, and pipe roughness. The
Fanno and Rayleigh methods can easily be extended to vari-
able-area channels,* in which case the analyses become quasi-
one-dimensional.

The approach of this study is to treat the planar shear layer
as composed of two quasi-one-dimensional streams, confined
within a channel with adiabatic walls. The transformation
from the two-dimensional to the quasi-one-dimensional de-
scription is shown in Fig. 1. In both descriptions, the static
pressure is assumed uniform in the crossplane direction,
p =p(x). The two streams are separated by the dividing
streamline, hence each stream preserves its mass flux . The
shape of the dividing streamline is initially unknown and is
found by the computational scheme described herein.

The smoothly varying velocity profile shown in the two-di-
mensional description is replaced by two uniform velocities U,
and U,. The same occurs with all the other variables. Even
though we lose all details of the transverse gradients of veloc-
ity, temperature, and composition, we retain the main effects
of those gradients, namely, the shear stresses, heat transfer,
and mass transfer, which are now artificially applied on the
quasi-one-dimensional flowfield. The application of the shear
stresses is shown in Fig. 1: for the fast stream, the stresses
— 74¢ ON the dividing streamline and — 7y, on the upper wall;
both oppose the fluid motion. For the slow stream, the stress
on the dividing streamline + 749 acts toward the flow direc-
tion (can be thought of as ‘‘negative’’ friction) whereas a
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Fig.1 Two-dimensional (2D) and quasi-one-dimensional (Q1D) de-
scriptions of shear layer.

stress — Ty, acts on the lower wall. In the two-dimensional
description, the flow external to the shear layer and boundary
layers (‘‘freestream’’ flow) is assumed isentropic. This is im-
portant, because the shear stresses depend on the freestream
quantities and not on the averaged, quasi-one-dimensional
quantities. Finding the freestream values is easy once the static
pressure is known from the quasi-one-dimensional calcula-
tion.

The validity of the model, therefore, depends on provision
of reasonable inputs for the shear stress, heat transfer, and
mass transfer. We are particularly interested in the shear layer
and not so much in the boundary layers whose properties are
well known. For the shear layer, it can be shown that, subject
to certain assumptions, the heat and mass transfer are propor-
tional to the shear stress. Hence, it is crucial to establish a
relation for 744 which would work for variable velocity ratio,
density ratio, and Mach number.

Model for the Reynolds Stress

Following an argument similar to Brown and Roshko’s,’ the
Eulerian version of the momentum equation gives an estimate
for the maximum shear stress

. dé
Tmax ~ a Pavg Uang U (1)

where U,,, represents the mean velocity at which momentum is
transported, here assumed to be the average of the freestream
velocities; AU is the difference of the freestream velocities;
and dé/dx is the turbulent shear-layer growth rate. It is also
assumed that the density at 7= 7. is close to the average
density p,y,.

Recent experiments®® have shown that the turbulent shear-
layer growth rate is adequately described by the relation

dé AU

g Fcf M.) @

where U, is the ““‘convective velocity’’ of the large-scale struc-
tures given by

U. = Uool + UooZVpoo2/pco1 (3)
¢ 1 + Vp2/Poo
M, is the convective Mach number
AU
M =—- 4
¢ Qo1+ A2 ( )

and f(M,) is a compressibility function such that f(0)=1.
Specializing Eq. (2) to the pitot thickness (close to visual
thickness), we can write it as an equality

dé AU
a=0-177€f(Mc) &)

the constant of 0.17 having been obtained experimentally.®
Combining Egs. (1) and (2) we obtain the following estimate
for the shear stress:

U
Tmax = ‘rpavg(A U)ngf M.) ©)

where ¢, is a constant obtained from subsonic, equal-density
experiments. Here we use Wygnanski and Fiedler’s!® value
¢,=0.013.

The compressibility function f(M,) can be extracted from
growth-rate data%? or direct laser-Doppler velocimeter (LDV)
measurements of the quantity —u’v’ performed in super-
sonic shear layers.”>!! Note that, for compressible flow, the
Reynolds stress is
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7= —ﬁu’v’—ﬁp’v’—flp'u'—p’u’v’

At high Mach number, the density-velocity double correla- -

tions could become significant, so measurement of —u’'v’
alone may not accurately represent the shear stress. Of course,
measurement of density-velocity correlations is at present ex-
tremely difficult.

In this report, both growth-rate and u’v’ data are used to
infer the compressibility function f(M.). A compilation of
data from several investigations is shown in Fig. 2. The u’v’
measurements seem to underpredict the stabilizing effect of
compressibility, which could be attributed to the observation
in the previous paragraph. An approximate curve fit, which
gives roughly equal weight to the ¥ 'v’ data and to the growth-
rate data, provides the estimate

S(M.)=0.25+0.75¢ ~3M )

The scatter of the experimental data seen in Fig. 2 will intro-
duce an uncertainty of roughly 20% in the predictions of
entropy generation and pressure variation. Several trials have
shown that the sign of the pressure gradient, i.e., whether
static pressure increases or decreases in a constant-area config-
uration, is largely unaffected by the scatter in f(M.).

To make the connection between 7., and 74y, We note that
in a self-similar shear layer with zero pressure gradient, the
maximum shear stress occurs on the dividing streamline,i.e.,
Tdsl = Tmax- 1t S€€ms reasonable to expect that, in the presence
of a modest pressure gradient, the preceding equality will still
hold approximately. We now summarize the foregoing argu-
ments and relationships into an expression for 744

14+vVpx2/poo
rds,=o.013pavg(AU)2[—"22¢

Uool + Uon2 :I (8)

X M,
Uc1 + UseaVposz/ oot o)

with f(M,) given by Eq. (7). Note that the term inside the
brackets accounts for the density effect on instability, which is
to increase the growth rate if the fast stream is light and to
reduce it if the fast stream is heavy.’

Model for the Wall Stresses

Accurate estimates for the wall stress 7,, of the compress-
ible, turbulent boundary layer were obtained a long time ago
by a large number of investigators. For adiabatic wall, we use
Van Driest’s!? formula for the skin-friction coefficient ¢,

1— N sin-I\
0.242 /—7-— Sm)\ = log(Rycy) + 1.26 log(1 — \)
f

-1 -1
1—)\2=<1+1TM3°>

®

where R, is the Reynolds number based on streamwise dis-
tance x and the relation g ~ T°7¢ has been assumed. The wall
stress is then obtained by ’

Tw = ¢ YapuUZ (10)

Governing Equations

Having established approximate relations for the wall and
dividing-streamline shear stresses, we now proceed to develop-
ment of the governing equations. It is assumed that flow is
fully developed turbulent and the layer thin enough for the
usual boundary-layer approximations to hold. Furthermore,
the turbulent Prandtl and Lewis numbers are taken to be unity
(Pr; = 1, Le, = 1), which means that the exchange coefficients
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Fig. 2 Compressibility function f(M.) as inferred from LDV shear-
stress managements (solid symbols) and growth-rate measurements
(open symbols).

for momentum, heat, and mass are equal. Next are the equa-
tions for momentum, energy in terms of the total enthalpy H,
and species in terms of the mass fraction C; of species 1

Da 4 on ar
p— = py— | =— 11
Yy ay(utay> 3y (11)
DH 4( 0H\ dq
p—=—| py— | =— 12
Y ay("’:ﬂ) oy 12
DE] d 861> ow
=y | =— 13
P Dr ay(m % % 13)
where
P_=l<—ui+-—vi>
Dt s\"“ax T 5y

Here, u, is the eddy viscosity, 7 the turbulent (Reynolds) shear
stress, g the heat transfer between the two streams, and w the
mass transfer between the two streams. The mass fraction C,
ranges between 0 (stream 2) and 1 (stream 1) and its counter-
part C, =1 — C;. Note that the energy equation (12) is not
restricted to single species and, therefore, can be applied to gas
mixtures of variable composition.!# Inspection_of the preced-
ing equations leads to the conclusion that both H and C; must
be linear functions of the velocity &. For the energy equation,
this leads to the well-known Crocco-Busemann relations (see,
for example, Ref. 15). Expressed in terms of freestream condi-
tions, these linear relations are

7 erlHoo2 “ UOoZHeel Hml — Hooz
H= ] 14
Uool - UaoZ erl T V2 ( )
- UooZ 1
Ci= — + i 15
! Uool T Vw2 erl - UOBZu ( )

It is now easy to make the connection between g, w, and 7 by
inserting the foregoing functions in their respective conserva-
tion equations and comparing with the momentum equation

Honl - 02
= 16
Ust — Uniy (16)
! a7
= ———
¢ Ucnl - Um2

Equations (16) and (17) illustrate how the shear stress
““drives’’ the heat and mass transfer. They have been derived
for zero pressure gradient. There is scant information in the
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literature as to how they hold for finite pressure gradient. It
will be assumed here that Eqs. (16) and (17) are still approx-
imately valid under moderate pressure gradients. This is not a
crucial assumption as the entropy generation turns out to be
insensitive to pressure gradient, and the displacement-thick-
ness analysis is carried out under conditions of near-zero
pressure gradient.

We now consider the quasi-one-dimensional model of a
shear layer with same stresses, heat transfer, and mass transfer
as the two-dimensional model. The concept of mass transfer
across the dividing streamline may seem contradictory at first.
We must keep in mind that the dividing streamline is a time-
averaged concept, whereas lumps of fluid can instantaneously
traverse from one side of the layer to the other. Quantities are
now uniform across each stream [a(x, y)—U(x), H(x, y)—
H(x), etc.]. The quasi-one-dimensional conservation equa-
tions are obtained by setting pv = 0 in the two-dimensional
equations and integrating them over the height Y of each
stream. In case of dissimilar gases, the composition of each
stream will change with x as a result of the mass transfer
(entrainment). The perfect gas relations 4 (x) = ¢,(x)T(x) and
p(x) = R(x)p(x)T(x) will be used. For each stream, we have
the following set of equations

Mass:
do dU dY
Tty (18)
Momentum:
d dx
vav+ 2= (19)
p pY
Energy:
afi = L4« (20)
pUY
State:
dr
dp _dR  dp 4T @
D R p T
Perfect gas:
dh dc, dT @2
h ¢ T
Species:
dx
dCy = ——dx = . (23)

pUY PUY(Ucol - UooZ)

with Eq. (17) having been applied in the last relation. Equa-
tions (18-22) are now combined to give a differential expres-
sion for velocity in terms of Mach number

auU y=1__1-'[dM 1/ qgdx dR dcv>]
= =|1+X—=m2| |+ == -] a
U [ Y72 M] [M+2<pUYh+R /)]

which leads to a differential equation for the Mach number
itself

M 1+[(—y—1)/2]M27dx+dcp dY)
M M2 -1 pY Y

M +yMY( g dx dR) +<_i_c:!
2M2— 1) \ pUYh 2c,

L))

with the heat transfer g given by Eq. (16).
Equatlons (18-25) can be specialized to a particular stream
by placing the appropriate subscript (1 or 2) under each vari-

able. For the general case of viscous walls, the stresses 7
acting on stream 1 and 7, acting on stream 2 are

T1= —Tdl — Twi
(26)
T2 = Tdsl — Tw2
The area variations are given by
i dye 1
dx dx 2
27
5 D 1
dx dx 2

Since this is a quasi-one-dimensional calculation, it is actually
immaterial how the divergence angle « is distributed among
the two channel walls. Here it is divided equally for the sake of
symmetry only.

The variation in gas properties ¢,, ¢,, and R =¢, — ¢, is
proportional to the change in mass fraction given by Eq. (23).

Letting G = (c,, ¢p, R), we have
dGl dC;  Gei — G Tdsl
=(Go1 — Gud) - =
dx dx U1 Yy Ux = Ug
(28)
d—(é—(G )@_Gwz_cwl Tds)
dx e °°2 dx p2UnY, Ugy ~ Uxy

The specific-heat ratio v is then obtained from its definition
¥ =cy/c,.

Solution Method

For prescribed initial conditions at x = 0, the quasi-one-di-
mensional solution of the flowfield depends only on the loca-
tion of the dividing streamline ys4(x). The shape of the divid-
ing streamline is found by requiring pressure continuity across
it, i.e., p; = p, at each x location. The specifics of this proce-
dure are discussed next.

Starting at x = 0, we choose a slope dyy,/dx for the dividing
streamline. Let us first concentrate on stream 1. Since the
conditions at x = 0 are known, the stress 7, is computed from
Eqgs. (26), (8), and (10). The heat transfer ¢ is computed from
Eq. (16). Equations (25) and (24) are integrated numerically
over a small increment dx, yielding M;, U,, and the speed of
sound a; = U;/M, at the new location x = dx. The new area
Y, is calculated from Eq. (27), and the gas properties ¢;;, ¢y,
R, are computed from Eq. (28), from which v, = ¢,/¢,;. The
pressure at x = dx is then obtained from the integral mass
conservation equation:

P = mlalr/'YlMl Y,

The exact same procedure is then followed for stream 2,
yielding a pressure p, at x = dx. If p, and p, are unequal, a
new dyqy/dx is selected and the integration started anew until
the error |p;—p,|/p, is of order 1012, A Newton-Raphson
iteration technique is used for fast convergence. Once the new
pressure has been calculated, we refer to the two-dimensional
model to obtain the freestream quantities (U, U, etc.) from
the well-known isentropic relations. The new stresses 7, and 7,
and heat transfer g are then computed. Integration is ad-
vanced to the next x location and the entire iteration procedure
is repeated. A FORTRAN program was written to perform the
computation on a 486-33 MHz, IBM-compatible personal com-
puter. Each flow case took about 10 s to compute.

Entropy Production

The entropy change in each stream is described by the basic
thermodynamic relationship

1 dp
N T[dh N p:l
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Using the momentum equation (19) and the energy equation
(20), the relation just given becomes

_1lgdx 7dx
ds—T[ ] (29)

from which we obtain an expression for the entropy flux
S = mAs = pUY As in each stream

as 1
—==[g-U 30
ix T[q 7] (30)
Expressing g in terms of 7 according to Eq. (16), Eq. (30)
becomes
dS T Hool — 412
— = —= U 31
dx T[ Uw1—Usz ] ( )

Since we are only interested in entropy generation due to
shear-layer mixing, and not in that due to wall friction, we
consider inviscid walls and set 7, = — Tdsh, T2.= Tdg. 1he €x-
pression for the combined entropy flux Sy, = 8§ + S, is

U U, Hy,—-Hef1 1>
R T [ e A . 32
dx Td 1[ T] T2 Uool - Uco2 (TZ Tl :' ( )

We now examine two cases for Eq. (32), both in the near field
where the values of the quasi-one-dimensional variables are
close to the freestream values (U, = U, etc.). In the isother-
mal case, where T, = 7, = T', Eq. (32) reduces to

ds;, __ Tasl

I T AU 33)

Keeping in mind that 74~ (AU )?, we see that entropy is
generated in the fashion dS,,/dx ~ (AU)?.
For ¢ = ¢» =¢,, Eq. (32) can be rewritten as

48, 7aa (a T)z]

dx  ToiTw

AU (34

[ TAU + ¢
To put the entropy rise in more practical terms, we define an
equivalent total pressure ratio ¥, which is the ratio of the total
pressure at x = 0 (unmixed conditions) to the total pressure at
a downstream location x in a single adiabatic stream, with

mass flux s, = + 1, and entropy flux S;, as given by -

Eq. (32)

_ B )
¢—exp< MRy, ' - G

where
1 )
Ry =—— (MR, + myRy)
myy

is the equivalent gas constant for the combined two streams.
Note that, as a result of species conservation, R, is an invari-
ant in the flowfield.

It is now instructive to see the relation between ¢ and
shear-layer compressibility measured in terms of the convec-
tive Mach number M. We will do this for the near field of the
isothermal case with equal areas Yy = Yy, = Y. From the
definition of ¥ in Eq. (35) we write

1dy 1 d8y

¢ dx m12R12 dx

Substltutmg Eq. (33) for d&;,/dx, and noting that ri1,,R,; =
2pYoU,/ T, we have

1 _\0 _ Tdsl AU
\[/ dx 2pY0 avg

Relating the stress 745 to the growth rate by virtue of Eq. (1)
we obtain

1dy  0.077 b (AUY
¥ dx 2Y, dxp/pavg

The constant 0.077 is the ratio of the constant 0.013 in the
relation for shear stress [Eq. (8)] to the constant 0.17 in the
relation for the growth rate [Eq. (5)]. The ratio p/p.,, can be
manipulated into an expression involving the freestream
speeds of sound so as to bring out M,

1dy  0.019ds ( a,ﬁ)z ( )] )
i d ol 1+ 522} 4y 1422 |
\bdx YO dxl:’YI [ 81 T2 A2,

(36)

It is actually more revealing to write Eq. (36) in the form

\ 2
1 4 ___, 019[%,(1 +@> +m(1 +—> ]MZ
¥ 46/ Yo . P
37

which gives the rate of change of ¥ with respect to the fraction
of the channel area that the mixing region occupies. As an
example, if we mix hydrogen and air at the same temperature
(i’ 0oy = 3.8), Eq. (37) gives

1_ay
¥ d(6/Y))

="—0.66M?

For M, = 1.3, we can quickly estimate that, at the point where
& = Yy, the loss in equivalent total pressure will be about 70%.
This is in agreement with the more refined estimates obtained
in the next section.

For unequal temperatures, the relation of ¥ to M, becomes
too cumbersome to write here. Nevertheless, it is evident by
examining Egs. (32) and (34) that some form of Mach number
based on velocity difference will factor strongly in those equa-
tions, hence the intrinsic compressibility of the flow will dom-
inate entropy production and loss in total pressure.

Results

We will now employ the quasi-one-dimensional shear-layer
model to situations that might arise in practical devices like
supersonic-combustion engines or in laboratory experiments.
The main quantities of interest are the entropy rise due to the
shear layer, expressed in terms of the equivalent total pressure
ratio ¢, and the streamwise pressure variation. The value of
the channel divergence angle « for which the pressure varia-
tion between two selected stations in the flow is zero, is de-
noted a,y,. For the case of inviscid walls, oy, is equal to the
growth rate of the displacement thickness of the shear layer,
expressed in degrees. For viscous walls, «,;,, represents the
displacement-thickness growth rate of the combined shear
layer and boundary layers. The value of ¥y was computed
under the condition a = agp, in order to maximize the validity
of Egs. (16) and (17). Computations not presented here
showed that even a strong pressure gradient affects ¢ very
little. In case 5 for example (see Table 1), y changed from 0.33
with o = oy, to 0.37 with o =0, an 11% increase in the
presence of a pressure rise of 400% over a streamwise distance
of six channel heights. .

Inviscid Walls

By considering the walls to be inviscid, we isolate the effect
of the shear layer on pressure variation. The static pressure p
and equivalent total pressure ratio y are evaluated at the point
where the shear-layer thickness is half of the 1mt1a1 channel
height, i.e.,

6="2(Yo1 + Y)

with 6 obtained by Eq. (5).
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Table 1 lists five cases to which the model with inviscid walls
was applied. All five cases have Yy = Y3 = 1. In case 1, the

velocity difference is small, so the entropy rise is: also small .

[see Eq. (32)] and the pressure variation with parallel walls
(a = 0) is slightly negative. The rest of the cases involve large
velocity difference, and consequently high M,. Cases 2 and 3
have same Mach numbers, deiisity ratio, and velocity ratio. In
case 2, the density and velocity ratios are achieved by mixing
two air streams with different total temperatures, while in case
3 they are achieved by mixing air and hydrogen at the same
total temperature. The pressure rise with o = 0 and the value
of oz, are identical in the two cases. However, ¢ is substan-
tially lower in case 2. Actually, the entropy flux S;, is similar
in the two cases, but ¢ for case 2 is lower because of the
smaller m1,R; [see Eq. (35)]. Cases 2-6 exhibit a pressure rise
when o = 0 and have positive a,,. Figure 3 shows the geome-
try of the dividing streamline and the variations of static
préssure and ¢ for case 3.

Cases 3-6 represent flow regimes w1th large velocity differ-
ence that might occur inside a supersomc combustor. It is seen
that total pressure losses range from 30 to 70%. They are
similar to losses associated with a normal shock in a single
stream with Mach numbei ranging from 2 to 3! In a normal
shock; the drop in total pressure is accompanied by a large
increase in pressure and a decrease in Mach number to sub-
sonic values. Here, under-zero pressure gradient, the total
pressure drop is connected to a decrease in Mach numbers
from high- to low-supersonic values. Fxgure 4 shows the de-
cline of M, and M, for case 3 at constant pressure.

Viscous Walls Comparlson wnth Experlments

There are no experlments known to the author des1gned
specifically for measuring entropy rise (or total pressure loss)
in shear layers. However one may calculate the total pressure
loss from pitot surveys that were used to infer the growth rate
of shear layers. The total pressure loss manifests itself clearly
when the freestream total pressures are close to each other,
i.e., when the Mach numbers of the two streams are similar.
Then, the pitot pressure distribution inside the shear layer
shows a defect whose magnitude depends on the entropy rise.

Table 2 shows two such cases (6 and 7) from the experiments
of Papamoschou and Roshko.® The author has in his posses-
sion the raw data for pitot and static pressures collected in the
experiments. This enabled the calculation of the experimental
equivalent total pressure ratio ¢ for cases 6 and 7. In both
cases, the initial areas were Yy, = Yy, = 11 mm. First, the total
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pressure was extracted from the pitot pressure using the Ray-
leigh pitot formula and assuming a hyperbolic-tangent varia-
tion of y(y) across the layer. The velocity and density distribu-
tions u(y) and p(y) were calculated assuming a similar
distribution for the gas constant R(y):
~ The resulting total pressure distributions pr(y) are shown in
Fig. 5. Notice how prominent the defect is in case 7 (large AU)
compared to case 6 (small AU). For both cases, AT = 0, thus
entropy is expected to rise at a rate roughly proportional to
(AU)3 [see Eq. (33)]. Also shown in Fig. 3 are the presumed
““isentropic’’ distributions p7;(¥) which represent the profiles
one woitild expect if no losses occurred. They are obtained by
fitting a hyperbolic-tangent profile between the freestream
values. The entropy flux was calculated from the relation:

8= —j

and y was obtained from Eq. (35).

Table 2 shows that the experimental and theoretical values
of  compare rather well. In case 6, the quasi-one-dimensional
model slightly overpredicts the value of y. Since this case has
a small velocity difference (Uy,/ Uy = 0.75), the wake effect
persists for long distance downstream and may enhance the
defect in pitot-pressure profile, thus making y appear lower.
In contrast, case 7 has a high velocity difference (Uy,/ Uy =

Y2

pO)u (IR Yn(pr/pri) dy

3.5
3.0
25
2.0
15
1.0
0.5
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15
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Fig.3 Mixing geometry and variation in pressure and eguivalent
total pressure ratio y for case 3.

Table 1 Inviscid walls, pressures evaluated at & = 2(¥p + Yp2)

220
Case Gas 1 My T701, K Gas 2 Mo, TT102, K M, Uy P01 0/ =0 VYapg  Ozpg
1 Air 4 300 Air 2 300 0.37 0.76 0.4 0.98 089 - O.i
2 Air 2 4200 Air 3 300 1.12 032 22 3.57 0.04 6.8
3 H> 2 300 Air 3 300 1.12 032 22 3.57 0.37 6.8
4 H, 3 600 Air 3 1200 1.35 0.38 7 1.68 0.73 2.0
5 - Ha 3 1200 Air 3 1200 1.73 0.26 14 4.01 0.33 8.1
Table 2 Viscous walls, comparison with experiments: 7791 = T2 = 300 K
Vapg Ozpg
Case Gas 1 My Gas2 My M. po,atm  x/Yo QID2 Exp® QID* Exp” Ref.
6 N2 2.8 Ar 2.6 0.40 0.2 13 0.97 0.94 0.8 1.0 6
7 He 2.6 N2 2.8 1.05 0.2 11 0.84 0.82 2.4 2.0 6
8 Ar 1.50 He 023  0.11 1.0 12 0.79 —_— —-1.8 -2.0 9
9 N2 1.48 He 0.23 0.18 1.0 12 0.87 —_— -2.3 -2.0 9
10 N2 1.46 N2 0.29 0.51 1.0 12 0.92 —_— -2.6 -2.0 9
11 He 1.48 N3 0.30 0.9 1.0 12 0.81 —_— -1.8 -1.0 9
12 He 1.50 Ar 0.35 0.96 1.0 12 0.79 —_— 0.0 0.0 9
13 N2 0.063 N 0.025 0.00 1.0 10 1.00 — -1.0 -1.0 16

2Q1D = quasi-one-dimensional model. YExp = experiment.
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Fig. 4 Mixing geometry and variation in Mach numbers for case 3
under constant pressure.

0.4), consequently the wake effect is expected to vanish
rapidly. Also shown in Table 2 are the experimental and
theoretical values of a,,,, which are in good agreement. Note
that here a,p, reflects the displacement thickness of the shear
layer plus boundary layers.

The. next set of comparisons (cases 8-12) are performed
between the quasi-one-dimensional model and the shear-layer
experiments of Hall,’ in which the value of ,,, was well
documented for a large number of test cases. In Hall’s exper-
iments, the initial areas were Yy = 32 mm and Yy, = 51 mm.
On the average, the quasi-one-dimensional model predicts well
the trends and the actual values of «,,,. Figure 6 shows the
axial pressure variation (in kPa) in case 10 with o = oyp,. It is
seen that pressure increases a few kPa (the absolute pressure is
around 100 kPa) and then drops back to the initial value.
Interestingly, Hall also observed the same trend in this and
others of his cases.

Finally, case 13 is an incompressible shear layer from the
experiments of Hermanson and Dimotakis.'® The initial areas
were Yy = 50 mm and Yy, = 75 mm. The agreement between
the quasi-one-dimensional and experimental value of o, is
very good. This shows that the quasi-one-dimensional model
can also be applied to incompressible shear layers for predict-
ing pressure variation.

In all of the viscous wall cases examined here, the pressure
gradient with parallel walls (o = 0) is adverse. The contribu-
tion of the combined boundary layers to the value of o, listed
in Table 2 ranges between 0.3 and 0.5 deg.

Discussion

The quasi-one-dimensional model has shown that sub-
stantial total pressure losses are liKely to occur in compressible
mixing with large velocity difference. Since most practical
applications involve mixing between air and hydrogen (as in
scramjet engines), it is inevitable that large AU will occur over
the operating range of the device. In fact, high AU leads to
faster mixing, which is desired for combustion. On the other
hand, rapid mixing at compressible speeds is accompanied by
high entropy production. Clearly, there are tradeoffs that
depend on the characteristics of the specific application.

In actual devices, total pressure losses will undoubtedly be
worse than predicted by this model. First, the dividing stream-
line is never straight, even if one starts with perfectly matched
pressures (see Fig. 3). The bending of the dividing streamline
generates compression and expansion waves, the former of
which will eventually coalesce into oblique shocks. Second,
the adverse pressure gradient in compressible cases with high
AU may cause separation of the boundary layers. Unless the
pressure gradient is canceled or minimized by appropriate
geometry of the walls, separation will cause even higher losses
and may lead to choking.

It is interesting to speculate on the microscopic mechanisms
responsible for the large entropy production at high compress-
ibility. A highly dissipative phenomenon is the formation of
shock waves attached on the turbulent eddies, the so-called
shocklets. Although experimental evidence of shocklets re-
mains weak, computations of three-dimensional homoge-
neous turbulence do reveal their presence at high enough
compressibility levels.!” One unexpected feature seen in exper-
imental investigations!®!® of shear layers with M, exceeding
about 0.6 is that the convective velocity U, approaches very
closely one of the freestream velocities, rather than the aver-
age velocity U,y,. This happens even when the two densities
are not very different. The ‘‘asymmetric’’ propagation of the
turbulence structure has the potential of generating shocklets
at smaller values of M, than one might expect if U, = U,y,.
Also, at given M,, the shocklets will be stronger if the eddies
propagate asymetrically.

It appears thus possible that the flow somehow arranges for
the eddy convective velocity to be such that the shocklets
generate the amount of entropy dictated by the mean-flow
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Fig.5 Total pressure distributions for cases 6 and 7; inferred from
experimental data of Ref. 6.
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Fig. 6 Mixing geometry and pressure variation for case 10 vertical
dimensions are in centimeters.

gradients and by the growth rate. On the other hand, the
growth rate itself may be coupled to the behavior of the
turbulent eddies. The possibility of such complex synergisms
should serve as motivation for further analytical and experi-
mental work on this subject.

Conclusions

A quasi-one-dimensional model for the planar, confined
shear layer has revealed the potential for large entropy pro-
duction and total pressure loss as the convective Mach number
becomes of order one or higher. Even before the two streams
are fully mixed, the losses due to mixing can be comparable to
normal shock losses in a uniform stream of equivalent Mach
number. The model compares well with the limited amount of
available experimental data on total pressure loss.

With parallel channel walls, the usually adverse pressure
gradient can be very strong, especially at high compressibility
levels. The pressure gradient can be canceled by appropriate
convergence or divergence of the channel walls, depending on

. the test case. This leads to estimates for the displacement
thickness of the shear layer which compare favorably to exper-
imental values found in the literature.
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